Tamara Kucherenko

«Or» «F»r «=>» o




o Continuity at a Point

@ Examples of Discontinuities
@ Continuity of Basic Functions
@ Intermediate Value Theorem

u]
)
]
n
it

DA



Continuity at a Point Examples of Discontinuities Continuity of Basic Functions The Intermediate Value Theorem
©0000 0000 000 000

Continuity at a Point

yA  f(x)is continuous yA  g(x) is not continuous at a
f()
/ 9()
. .
0 a X 0 a X

Definition

A function f is continuous at a number a if
Q f(a) is defined
Q lim f(x) exists
Tr—a

© lim /() = /(o)
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Example 1

2 -3 ifx<l1

Is f(z) = _ continuous at x = 17
—X + 5 |f T > 1 10 +
Solution:
Q fisdefinedatxz =1, f(1) = -2 51
lin = lim (2% —3) = -2
= 1 — = 4 — —
1m f( ) xlfﬁﬂ( xz+5) 4 2\/ 2 4
Thus, lim f(x) does not exist and 5
z—1

‘f is not continuous at z = 1 ‘

We say that f is discontinuous at a (or has a discontinuity at a) if f is not continuousJ
at a.
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Example 2

s fa) =4

if x <1
—r—1
Solution:

) continuous at x = 17
ifz>1

Q fisdefinedatxz =1, f(1) = -2
@ lim f(z)

10 f
5 4
= lim (2% —3) = -2
li "l 1_( 1) =—2 | | ‘
pal f@) = oot B - _2\/'2\4
i = — _5 1
Thus, il_)ml f(x) 2
Q lim f(x) = -2 = f(1)
Therefore, ‘f is continuous at z =1 ‘
o =il = E DA




Example 1 vs. Example 2
2 -3 ifx<l1 2 -3 ifx<l1
Example 1: = - Example 2: — -

P f(a:) {—a:+5 ifx>1 P f(w) {—a:—l ifx>1

10 + 10

5 \ 5
_5 . _5 i
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Example 3
For what value of the constant c is
cx?+2x ifxr<?2
fle)=4 .
x> —cx ifx>2
Solution:

continuous at x = 27

© [ isdefined at z =2, f(2) =8 —2c¢
Q lim f(z)=
T2~

li = i 3
g 0= i

lim (cz? +2x) = 4c+ 4
T2~

x° —cr) =8—2c
lim f(x) exist if 4c+4 =8 —2¢c orc=
T—2
Q lim f(z)=4-
T—2

2

2
2
§_|_4 <

3
30 = f(2)

; 2 4
=20
. : 2 flz) =
Therefore, f is continuous at 2 when |c = 3

%xQ—I—Qm if x <2

3

2
$—§$
a

if x> 2
=



Examples of Discontinuities
Recall that f(z) is continuous if
1. f(a) is defined 2. li_r)n f(x) exists

3. They are equal.
If one of them is violated, f is has a discontinuity at a.

There are three common types of discontinuities:

@ Removable Discontinuity (hin f(z) exists but does not equal f(a))
r—a
@ Jump Discontinuity (one-sided limits both exist but are not equal)

@ Infinite discontinuity (at least one of the one-sided limits is infinite)

Remark: f(z) =sin has a discontinuity at z = 0 which is none of these three types.
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Removable Discontinuity

Consider )
2x° — dx + 2
fo)=——==%— 6|
Since f(z) is not defined at x = 2, f is discontinuous at 2.

4 1
However,
2 1
2 —2)(2z —1
lim oA lim (x=2)@r 1) =lim(2z—-1)=3
x—2 x—2 x—2 x—2 x—2

Therefore, f(z) has a removable discontinuity at 2.
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Jump Discontinuity

4 if 2
Consider f(x) = {23: . :fi i 5 at x

li = lim 4=4and 1 =
A fl@) = lig 4=dand iy, flz)
f has a jump discontinuity at 2. Also,

f2) = ~1= lm f(z)

One-Sided Continuity

Continuity of Basic Functions
000

=2

lim (2z—5) = —1

r—2+

A function f(x) is called:

@ Left-continuous at x = a if lim f(z)
r—a—

= f(a)

@ Right-continuous at x = a if lim+ f(x) = f(a)
Tr—ra
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The Intermediate Value Theorem
000

6,

RIS S
2,

2 J 1
—92

f is right-continuous at 2,
but not left-continuous.



Infinite Discontinuity

Consider

10

1 . at x =2
— if x> 2

—22 4 2x 41 ifx<?2
-
r—2

f(x)is defined at v = 2, f(2) = —22+2-2+1=1.

)

lim f(z)= lim (—2?+22+1)=1

T—2~ r—2~

So, f is left-continuous at 2.

=0

lim f(z) = lim !

T—2+ =2+ T — 2

Therefore, f(z) has an infinite discontinuity at 2.
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Continuity of Basic Functions

A function f is continuous on an interval if it is continuous at every number in the
interval. (We understand continuous at the endpoint to mean continuous from the
right or continuous from the left.)

Theorem
The following types of functions are continuous on their domains:

@ polynomials
@ rational functions

@ root functions

® trigonometric functions

Tamara Kucherenko Continuity



Continuity at a Point Examples of Discontinuities Continuity of Basic Functions The Intermediate Value Theorem
00000 0000 oeo 000

Continuity of Basic Functions

Laws of Continuity

If f(z) and g(x) are continuous at x = a, then the following functions are also
continuous at a:

o f(z) +9(x) and f(z) — g(x)
@ kf(z) for any constant k

° f(x)g(z)

° f(x)/g(x) if g(a) # 0

Continuity of Composite Functions

If g is continuous at a and f is continuous at g(a), then the composite function f o g
is continuous at a.
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Determine where each function is continuous

Q f(x)=152"% — 712 +5 s a polynomial, so it is continuous on (—oo, co
y

Q f(v)=+r— % is a difference of a root and a rational function, so it is
continuous on its domain. Domain: = > 0, x # +1.

Thus, f is continuous on [0,1) and (1, 00).
Q f(x)=sin(v/7—22) is a composition of a trigonometric, root and polynomial

functions, so it is continuous on its domain. Domain: 7 — 22 > 0.
Thus, f is continuous on [—/7,/7]

2 .

i ¢ -8 ifax<3 . . .

Q f(z)= . T For x < 3 f is continuous as a polynomial,
pre if x >3

for z > 3 f is continuous as a rational function, = = 37

3)=1= 1 =1 2_8)=1= 1l = lim - =1
@) =1=lim j(z) = lip @ —8) = 1= lim, f=) = lim ==

Thus, f is continuous on (—00, ).
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The Intermediate Value Theorem

The Intermediate Value Theorem

Suppose that f is continuous on the closed interval [a,b] and let N be any number
between f(a) and f(b), where f(a) # f(b). Then there exists a number c in (a,b)
such that f(c) = N.

y
f(b) @==--mmmmmmmm o 7
fla) 3----8 § |
0 ;a é( éb X
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Example

Use the Intermediate Value Theorem to show that there is a root of the equation
x = cosz in the interval (0,2).

Solution: Let f(x) =z — cosz.

Then f(z) is continuous on [0,2] as a difference of a trigonometric function and a
polynomial.

f(0)=0—cos0=—1, f(2) =2—cos2 >0, and thus f(0) <0< f(2).

We apply the intermediate value theorem with ¢ =0, b =2 and N = 0.

Then there is a number ¢ in (0,2) such that f(c) = 0.

In other words, there is c in (0,2) such that ¢ —cosc = 0. So c is the root of the
equation x = cos x.
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