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Limits at Infinity

Definition

o lim f(x)= L means that the values of f(x) can be made as close to L as we
T—00
like by taking any x which is sufficiently large.

@ lim f(x)= L means that the values of f(x) can be made as close to L as we
T—r—00

like by taking any x which is sufficiently large negative.

r—2
vz +1

Example: f(z) =

o lim f(x)=1

T—00

o lim f(x)=-1

T—r—00
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Limits at Infinity

. .1 .
Investigate lim — and lim -—
r—00 I T——00 I

z>100 ~ 1< 55=0.01

x> 10,000 ~
1 ~

x=62,708 ~ 1=_-1-~0000015947

When z is large, 1/ is small. By taking z large
enough we can make 1/z as small as we like.

1 1
lim — =0} Similarly, | lim — =0
T—00 T T——00 I

because when z is large negative, % is small negative.

r=-10,000 ~ 1=_—1-=-0.0001
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Limits at Infinity

The Limit Laws and the Squeeze Theorem are valid when ”x — a” is replaced by
Px — 00” or Tx — —o0”.

For any positive integer n :

Applying the Product Law repeatedly to the limits from the previous example we obtain

. 1
lim — =0,
z—oo0

1 J
—
z——oo ™
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Example )

EVaante

1m
z—00 43 — T2 )
Solution:

3_
]_‘ 2$3 — 5$ + 1 2x mgm-f-l
im L mpm
z—00 43 — Tx2 + 2 T—00 4m3_73w2+2
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Evaluate

lim 2+ 4
T—>—00 2x — 5
Solution: |
. 2244 | %
lim _ .
I T L

i
x
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lim (:L‘3 p
Tr—00
Solution:
lim (:U3 oy
T—>00

)= Jim %t =270
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Evaluate

iy (V771 -2)
Solution:
iy (V571 -2)
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Example 6
Evaluate

. T —2 . z— 2
lim — and im
T—00 $2+1 T——00 332+1
. T —2 r—2 T —2 r—2
Solution: = = = =
Va2 +1 \/5”2(14‘9%2) V2. 14_961_2 |z| -
-2 -2
lim x = lim x

14+ 2%
0
z=2
X —
= i e = i ==l
z + 2
-2 -2
lim L lim _rme

1+ j{
0

= i 1

Tr——00 o 1 (Zi—l)mOO
:v2 \/ 2 1+ %
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Example 6

—2
=1 and lim — =
T—00 4/x2 4+ 1 T——00 \/x2 + 1
The graph of
p_9 el Foprommm e
) = /-’—_
f( ) w2+ 1 ; ; ' } t t
-8 -6 -4 =2 2 4 6 8
\‘;/ ******************
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Horizontal Asymptotes

Definition

The line y = b is called a horizontal asymptote of the curve y = f(z) if either

lim f(x)=b or lim f(z)=0">

T—00 T—r—00

Therefore y = 1 and y = —1 are horizontal asymptotes.
T —2
Example: f(z) = ——
Ple J(@) = 7525 ]
We computed 8 -6 -4 o
o lim &2 —1  Loffoooommoeeeeooo— I
r—00 VaZ+1 \
o lim =2 =1

z——co VZ2+1
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Horizontal Asymptotes

Find horizontal asymptotes for

2 _ .
f(a:)=3w xr—2

2 4
S5x2 +4x + 1
o o . e

322 —x —2 . 3—7— % 3 —4 =2 2 4

Solution: xlgrgo ] xll)n;o 0 & [

544+ j{ 4
322 — 2 — % %
. _ _4 [l
i oo5x2—|—4x+1 xEmoo
5+ ;{‘ + j[

Therefore, y = 5 is a horizontal asymptote

=] 5
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Horizontal Asymptotes

. . sinz iy
Find horizontal asymptotes for f(z) = i
x ik
Solution:
—1<sinz <1

1 1 1

—5 < gsinz <2
hV $ v V|
0 —10 ]
By Squeeze Theorem lim $BZ = i
T—>r00 Hh

Therefore, y = 0 is a horizontal asymptote.
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Vertical Asymptotes

Definition
The line x = a is called a vertical asymptote of 64
the curve y = f(x) if either 4l
lim f(z) =400 or lim f(z)=+oo 9|
T—a~ z—at
1 —6 —‘4 -2
Example: = — 9|
xample: f(z) =
We compute -4
o lim 15 = -0 _
a—2- T2 6
. 1 _
° xllgg‘ a1 T

=

e 2

Thus, © = 2 is a vertical asymptote.
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Vertical Asymptotes of tanx

Find the vertical asymptotes of f(z) = tanx Thus, 2 = § + 7n (n is an integer) are
. - i f :
Since tanz = S22 and cos T = 0 we compute the vertical asymptotes of tan x
1 e
e lim tanz = lim —— ;| =00 ! ! ! !
s T3 COSTT : Lol [ :
. . / T T T T
e lim tanz = lim —— , = —o00 L VST 2
a3t 25" cosa” : ol :
Therefore, = = 7 is a vertical asymptote. , ! ! !
| 4 4 | |
Since tangent has period 7, we obtain that
T = 37“,30: 57”, andz = —5,x = —37”,...
are also vertical asymptotes of tan z. -
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Find the horizontal and vertical asymptotes of f(z) =

2z2+z—1
z2+x—2
To find horizontal asymptotes we compute

0 0
. 22+ —1 . 2+7-p
Also, wglzloo 24+ —2 - wll}lloo 0 0 2
1+ ;‘/ — %
Thus, y = 2 is a horizontal asymptote.
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Find the horizontal and vertical asymptotes of f(z)

— 2z2+z—1
z2+x—2
To find vertical asymptotes we find zeros of the denominator:

5
, 222 —1
= lim -

=00
m%—Z—W—i’)

?+1r-2=0~2=-2andzr=1 Thenz?+z2-2=(z+2)(x - 1)
lim f(z)=
T——2"

m fe) =

5
i 2047 —1
m—i%*‘W:g_oo
2 2
fim (@) = tim 2] fim f(a) = lim 2=
im f(z)= lim = —00 im f(z)= lim
z—1— x—)l—WU_ z—1+
Thus, z = —2 and x = 1 are vertical asymptotes.
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Find the horizontal and vertical asymptotes of f(z) = 2&-t2=1

x24+r—2
y = 2 is a horizontal asymptote at co and —oc.
xr = —2, x =1 are the vertical asymptotes
o lim f(z)=o00
T——2"
)
[m] [l = =
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